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Abstrat
A numerial searh for straight superonduting vorties in a U(1)
model with a Ginzburg-Landau potential ontaining a ubi term, is pre-
sented. Suh vorties exist in a small numerially determined region. The
reasons of their existene in that narrow region of the parameter spae, as
well as of their instability in the rest of the parameter spae, are explained.
Then, the results of a numerial searh for axially symmetri solitons in a
U(1) × U(1) model with higher derivative terms, whih is based on [18℄,
are presented and disussed.
1 Introdution
The evolution of the Universe is believed to involve several symmetry breaking
phase transitions, out of whih, topologial defets, suh as strings, are reated
[1, 2℄. These transitions an be examined in the framework of ondensed matter
systems. Although there are dierenes from the osmologial ase where, rela-
tivisti dynamis must be used and gravity is important, the formation of suh
defets in the laboratory [3℄, an provide helpful hints for osmology. Topolog-
ially stable knots and vortex-like strutures in general, are of wide interest in
ondensed matter physis. For example, one an think of Bose-Einstein onden-
sates (BEC) (i.e. see [4℄), vorties in superuid Helium-3 and Helium-4 [5℄ , or
nemati liquid rystals [6, 7℄.
Also, in the framework of high energy physis, future experiments in LHC
ould answer whether metastable partile-like solitons exist in minimal supersym-
metri Standard Model or two-Higgs Standard Model (2HSM) or not. In [8℄-[10℄,
work on lassially stable, metastable quasi-topologial domain walls and strings
in simple topologially trivial models, as well as in the 2HSM has been done.
These solutions are loal minima of the energy funtional and an quantum me-
hanially tunnel to the vauum, not being proteted by an absolutely onserved
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quantum number. One an also nd other interesting subjets involving super-
onduting vortex rings suh as, rotating superonduting rings [11℄, eletroweak
strings [12, 13℄ or work on suh rings in SU(2) non-Abelian Yang-Mills-Higgs
model [14℄. Finally, twisted semiloal vorties examined in [15℄ an be onneted
to the models we present below, while one an also searh if stable rings an exist
in that model.
This paper onsists of two parts. In the rst part, we onsider a U(1)A model
with a modied Ginzburg-Landau (GL) potential. The modiation has to do
with the addition of a ubi term. In Thermal Field Theory, suh term omes
from the 1-loop radiative orretions to the GL potential [16℄. We searh whether
this model an admit stable strings or not. The features of suh strings, if they
exist, are the superurrent whih ows on the surfae of the defet within a
ertain nite width, as well as, a magneti ux in the interior of the defet. This
magneti ux is a onsequene of the existene of the superurrent. One has
to keep in mind that the magneti eld an penetrate in a ertain depth inside
the superonduting regions where the superurrent ows. If the penetration
depth is greater than the width of the superonduting surfae, then the defet
beomes unstable and an be destroyed. The GL potential we use here, is used in
ondensed matter physis as well (see [17℄ and referenes therein) thus, one an
also make interesting onnetions with that setor and the experiments desribed
in the rst paragraph.
Stable defets of this U(1)A model, an also be used to form torus-like strings
and study their stability. This an happen by taking a piee of suh straight string
and periodially onnet its ends together. These string loops are examined in
[18℄ but in the framework of a U(1) × U(1) model, where the existene of the
defet is ensured for topologial reasons [19, 23℄. That model, is a ontinuation
of previous work [8℄-[10℄. In the seond part of this paper, we examine a modied
version of the model in [18℄. We add higher derivative terms whih might help in
stabilizing the torus-shaped soliton. We investigate that possibility, present and
analyse our results.
2 The U(1)A model
This model onsists of a omplex salar eld ψ and a gauge eld Aµ. The La-
grangian density desribing our system is:
L = −1
4
F 2µν + |Dµψ|2 − U(|ψ|) (1)
where the ovariant derivative is Dµ ≡ ∂µ + ieAµ, the strength of the eld is
Fµν = ∂µAν − ∂νAµ, while e is the U(1)A harge. We hoose the potential
U(|ψ|) = a
2
|ψ|2
(
1
4
|ψ|2 − β
3
|ψ|+ γ
2
)
(2)
2
I
 inI out
B
z
II B
x
y
z
x
yz
Figure 1: The relative position of the superurrent as well as of the magneti eld on
a xy-prole of the system on the right. The left piture is strongly reminisent of an
innite solenoid.
where a, β, γ onstants. We an set γ = 1. Sine
√
γ has dimensions of mass,
we ount the energy of the system in units of
√
γ. The vauum is |ψ| = 0. This
vauum leaves unbroken the gauge symmetry U(1)A. When
|ψ| = |ψ0| ≡ β +
√
β2 − 4
2
(3)
(for β > 2), we have U(1)A → 1 giving non-zero mass to A. Thus, one may
generate an eletri urrent owing along regions where |ψ| 6= 0. In g.2 one
an see the shape of the potential. The eq.(3) gives the position of the minimum
of interest for every β > 2. When β = 2, the seondary (non-trivial) minimum
of the potential disappears, at |ψ| = 1 position. When 2 < β < 3√
2
≡ βcrit, it
beomes zero only at |ψ| = 0, while another minimum with non-zero |ψ| forms.
When β = βcrit, the potential has another zero at |ψ| =
√
2 whih is also a loal
minimum. Finally, when β > βcrit it has two more zeros at
P± =
2β
3
±
√
4β2
9
− 2 (4)
between whih, it beomes negative (g.6). The mass spetrum is
mA = 0, m
2
ψ =
a
2
(5)
2.1 The U(1)A model: Searh for stable vorties
We are interested in ongurations having ylindrial symmetry, that is, innite
straight strings (g.1). The eld ψ an be non-vanishing on a ylindrial surfae
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of spei radius. At innity (ρ→∞), we have the vauum of the theory |ψ| = 0.
The ansatz for the elds is:
ψ(ρ, ϕ, z) = P (ρ)eiMϕ, A(ρ, ϕ, z) =
Aϕ(ρ)
ρ
ϕˆ (6)
where M the winding number of the eld ψ and ρˆ, ϕˆ, zˆ are the ylindrial
unit vetors. We use ylindrial oordinates (t, ρ, ϕ, z), with spae-time metri
gµν = diag(1,−1,−ρ2,−1). We work in the A0 = 0 gauge. For the gauge eld we
suppose the above form based on the following thought: The A eld is the one
produed by the superurrent owing on the ylindrial surfae. The urrent is
in the ϕˆ diretion thus, we expet the non-vanishing omponent to be Aϕ and the
amplitude P of ψ to be independent of ϕ. As it onerns the salar eld ψ, sine
it follows the geometry of the ylindrial defet, we expet that its amplitude is
independent of z as well.
With the above ansatz, the energy funtional for minimization takes the form
E = 2π
∫ ∞
0
ρdρ
[
1
2ρ2
(∂ρAϕ)
2 + (∂ρP )
2 +
P 2
ρ2
(eAϕ +M)
2 + U(P )
]
(7)
and the potential is
U(P ) =
a
2
P 2
(
1
4
P 2 − β
3
P +
1
2
)
(8)
The gauge eld A has a magneti eld of the form
B =
1
ρ
∂Aϕ
∂ρ
zˆ (9)
while, the eld equations are
∂2ρP +
1
ρ
∂ρP − P
ρ2
(eAϕ +M)
2 − aP
4
(
P 2 − βP + 1
)
= 0 (10)
∂2ρAϕ −
1
ρ
∂ρAϕ − 2eP 2(eAϕ +M) = 0 (11)
The usual resaling arguments lead to the virial relation:
2π
∫ ∞
0
ρdρ
(
B2
2
−U
)
= 2π
∫ ∞
0
ρdρ
(
(∂ρAϕ)
2
2ρ2
−aP
2
2
(
P 2
4
−βP
3
+
1
2
))
= 0 (12)
Dene
I1 ≡ 2π
∫ ∞
0
ρdρ
1
2ρ2
(
∂Aϕ
∂ρ
)2
I2 ≡ −2π
∫ ∞
0
ρdρ
aP 2
2
(
P 2
4
− βP
3
+
1
2
)
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Figure 2: The potential for a = 1 and β = 2, β = βcrit =
3√
2
(dashed line) and β = 2.17
(bottom line). The plot is U vs. P .
For a solution of the model, we theoretially must have I1 + I2 = 0. In fat, we
dene the index V ≡ ||I1|−|I2|||I1|+|I2| . We want this index as small as possible. Other
virial relations an be found as follows. For example, one an onsider the double
resaling of ρ→ λρ and either P → µP or Aϕ → µAϕ or even both of the elds
and then demand ∂λE|λ=1=µ = 0 = ∂µE|λ=1=µ.
2.2 The U(1)A model: Numerial results
We use a standard minimization algorithm to minimize the energy funtional (7).
The algorithm is written in C. One an nd details about the algorithm used, on
page 425 of [22℄ but, briey, the basi idea is this: Given an appropriate initial
guess, there are several orretions to it, having as a riterion the minimization
of the energy in every step. When the orretions at the value of the energy
are smaller than ≈ 10−8 the program stops and we get the nal results. We
are interested in nal ongurations having non-trivial energy. This signals the
existene of a stable vortex with that energy. We hek our results through virial
relation (12). Finally, our results must also satisfy the eld equations (10).
The initial guess we use for our omputation is:
P (ρ) = ξ1ρ
M(1− tanh(0.2ρ2))
Aϕ = − tanh(ξ2ρ2)
where ξ1, ξ2 are onstants, the value of whih, depends also on the loation of
the minimum (say |ψ| = |ψ0|) of the potential. For the nal ongurations we
present on the gures, we hose ξ1 = 1.75, ξ2 = 2.
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Figure 3: In the rst two graphs we have the initial guess (dashed lines - - - ) as well
as the nal onguration of elds (solid lines  ) P (ρ), Aϕ(ρ). We hose M = 1,
e = 1, β = 2.17, a = 43.7. The energy E = 35.3 and virial is 10−4. The bottom graph
gathers all the elds. For the eld P , the area between the horizontal lines P3 and P4
is energetially favorable (see also g.6).
The initial guess also satises the appropriate asymptotis
• near ρ = 0: P ∼ ρM , Aϕ ∼ ρ2
• at innity: P → 0, exponentially
while P must be non-zero somewhere between ρ = 0 and ρ → ∞. One must
make a areful hoie of the initial guess. That is to say, the maximum value of
P at the initial guess (dashed lines) must be inside the favorable area denoted by
the horizontal lines in gs.3-4. This area is ditated by the form of the potential
and espeially by its negative setors (see g.6).
Sine, for values of β where 2 ≤ β ≤ βcrit is valid, we nd no non-trivial
solution, we searhed and tried to nd out what happens when we make the
minimum of interest deeper. For that reason we searhed in the region where
β > βcrit. It is possible to nd solutions to this model until β reahes 2.13 (from
above). Under this value, this is diult if not impossible. Even at β = 2.13
(g.4) we use great values of a in order to nd the solution exhibited. The
relation between a and β an be found in g.7. The solutions of the model for
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Figure 4: In the rst two graphs we have the initial guess (dashed lines - - - ) as well as
the nal onguration of elds (solid lines  ) P (ρ), Aϕ(ρ). We hose M = 1, e = 1,
β = 2.13, a = 1104. The energy E = 115.2 and virial is 2 · 10−3. The bottom graph
gathers all the elds. For the eld P , the area between the horizontal lines P1 and P2
is energetially favorable (see also g.6).
two dierent values of β > βcrit, are shown in gs.3-4 and a omparison between
them in g.5 in order to observe their dierent features.
2.2.1 Analysis for 2.13 ≤ β ≤ 2.2
We observe that for a spei β, there is a small range for the parameter a of the
potential, where the model exhibits the solution presented in the gures. Out of
this small range and for greater a, we end up to a nal onguration of negative
energy. This happens beause, the bigger the parameter a beomes, the stronger
the potential is, thus the eld P strongly prefers to aquire the value where the
non-trivial minimum of the potential is (see g.2), in order to derease further
the energy. But, for β > βcrit we have U < 0 at the position of that minimum,
whih also enfores the total energy E to be negative in this ase. We have to
note that, virial relation of suh a nal onguration is not satised due to the
great values the term (∂ρP )
2
aquires around ρ = 0 and ρ→∞. This is lear if
one diretly observe (12), whih an not be satised for U < 0.
On the other hand, for smaller values of a, we get the trivial onguration
(P = 0, Aϕ = 0), as the benet from the potential term is no longer satisfatory
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Figure 5: Here we have a plot of the above sets of parameters in order to ompare
the hanges of P (ρ) and BA(ρ) as a goes from 2.17 (dashed and dotted - · - ), to 2.15
(dashed - - - ) and 2.13 (dotted · · ·).
in order to have a non-trivial P .
2.2.2 Reasons for instability when β > 2.2
Now, for high values of β (i.e. β > 2.2) we faed diulties in nding a solution.
We believe that this has the following explanation: as β grows, the area of values
where the potential U is negative, inreases as well.
If the parameter a is big, then the potential beomes a strong fator in redu-
ing the energy, as it is highly negative. Thus, for big a it is energetially favorable
to derease further the potential value. The latter happens by onverting P fun-
tion in suh a way, so as to be, as muh of it as possible, inside the energetially
favorable area (it is denoted by the horizontal lines in the gs.3-4). Thus, we end
up to a nal onguration with potential U << 0 and virial relations an not be
satised (see for example eq.12) as we have a sum of positive terms.
On the other hand, for lower a the potential is no longer a strong fator for
reduing the energy. In this ase, it is energetially favorable to redue the value
of the (∂ρP )
2
and (∂ρAϕ)
2
terms as the system an gain more from these. The
onsequene is that P leaves the area of stability as its peak lowers in order to
redue the two terms above and there is only one possibility: to end up to zero
energy, that is to say, the trivial onguration.
The dierene in the stable solutions we have found above, is that the values
of β are suh, that the potential is negative but not strongly negative while the
hanges on the terms (∂ρP )
2
and (∂ρAϕ)
2
an deform the eld P in suh a way,
so that it an still be inside the favorable area. Then, the potential term has the
possibility to hange in suh a way, so it an satisfy virial as well.
2.2.3 Reasons for instability when β ≤ βcrit
In the following explanation we will use g.5 & 6. In g.5 one an observe that
as we get loser to the ritial value β = 3/
√
2 ≡ βcrit, the P eld tends to
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Figure 6: The P+ and P− solution of eq.(4), for whih the potential beomes zero.
Between these lines the potential gets negative values (see also g.2). The plot is P vs.
β for β > βcrit. =
3√
2
.
aquire everywhere the value P = P0 (loation of the non-trivial minimum of the
potential). This leads to greater values of ∂ρP .
The above has a reasonable explanation whih an be found in g.6. As we
get loser to βcrit, the spae within the lines, where the potential an get negative
values, beomes smaller. Under βcrit the potential an be either positive or zero
(the latter for P = 0 only).
Observe the energy funtional to be minimized:
E = 2π
∫ ∞
0
ρdρ
[
1
2ρ2
(∂ρAϕ)
2 + (∂ρP )
2 +
P 2
ρ2
(eAϕ +M)
2 + U(P )
]
(13)
The main target of minimization is to x all the above terms in order to have
the minimum possible value for the energy. Below, we analyze the possible ases.
• β → β+crit:
In that ase, all terms exept for the potential term, an be either positive
or zero. The potential term (as we saw in g.6) an beome negative for
a range of values of P . But, as β dereases, this range beomes narrower
(as we see in g.6 as well as in gs.3-4 where this range is represented by
the spae between the two horizontal lines) and (∂ρP )
2
inreases. This
happens beause the energy funtional tends to derease its value through
the negative values of the potential term. We believe that this an not
ontinue for β very lose to βcrit due to the fat that the range we desribed
above, beomes so small, that P tends to get everywhere a onstant value
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Figure 7: The plot exhibits the relation of the parameter a with respet to β. We
observe that as we approah the limit βcrit, we need an inreasingly deeper minimum
of the potential whih is expressed through the fastly inreasing value of a. The dashed
vertial line signals the position of βcrit =
3√
2
.
(the value P0, whih makes the potential negative). But P must be zero
at ρ = 0 and ρ → ∞, thus there will be a onsiderable inrease in the
(∂ρP )
2
term of the funtional, and that makes the benets of the negative
value of the potential to go away, while the trivial solution P = 0 beomes
energetially favorable.
• β ≤ βcrit: In that ase, the potential term an no longer beome negative.
It an be either positive or zero and beause of the fat that the energy
funtional is a sum of ve positive terms, it's reasonable to prefer the zero
value whih, at the same time, minimizes all the terms of the funtional.
From all the above, one an observe that the ruial dierene between the
above two ases of β, is that in the β > βcrit ase, the energy an have a minimum
value (through the potential term) whih orresponds to a non-trivial solution
for P . The existene of negative values of the potential are the way-through
that make this possible.
3 The U(1)A × U(1)W model
Stable strings of the above U(1) model ould be useful in order to reate vortex
rings and study their stability. It ould also be relatively helpful numerially, as
we would have four elds for minimization in the energy funtional instead of ve
we had in [18℄. This is not as easy as it might seem, sine there are two instability
modes. The vortex itself is not neessarily stable while forming a torus, and the
latter has the tendeny to shrink due to its tension. The rst instability an be
avoided in a U(1)× U(1) model as the one presented in [18℄, where a numerial
10
searh for bosoni superonduting stati vortex rings in a U(1)A×U(1)W model
is done. There, the existene of straight strings is ensured for topologial reasons.
The superondutivity of the loop though, does not seem to prevent shrinking.
The onlusion there is that urrent quenhing takes plae before stabilization.
The model disussed in [18℄ is being desribed by the Lagrangian density
L0 = −1
4
F 2µν −
1
4
W 2µν + |Dµψ|2 + |D˜µφ|2 − U(|φ|, |ψ|) (14)
where the ovariant derivatives are Dµψ ≡ ∂µψ + ieAµψ, D˜µφ ≡ ∂µφ + iqWµφ,
the strength of the elds are Fµν = ∂µAν − ∂νAµ, Wµν = ∂µWν − ∂νWµ, while e
and q stand as the relevant U(1) harges. The potential U is
U(|φ|, |ψ|) = g1
4
(|φ|2 − v21)2 + g24 (|ψ|2 − v22)2 + g32 |φ|2|ψ|2 − g24 v42 (15)
The vauum |φ| = v1 6= 0, |ψ| = 0, breaks U(1)W × U(1)A → U(1)A, giving
non-zero mass to W . The photon eld stays massless. There, U(v1, 0) = 0. The
vauum manifold M in this theory is a irle S1 and the rst homotopy group
of M is π1(M) = π1(S1) = Z whih signals the existene of strings. In regions
where |φ| = 0, the eld |ψ| is arranged to be non-vanishing and U(1)W×U(1)A →
U(1)W . Thus, U(1)A → 1 and eletri urrent ows along regions with vanishing
|φ|. Hene, this theory has superonduting strings [19℄. The vauum of the
theory leaves unbroken the eletromagneti U(1)A. For g3v
2
1 > g2v
2
2 this vauum
is stable, while g1v
4
1 > g2v
4
2 ensures that it is the global minimum of the potential.
The mass spetrum is
mA = 0, mW = qv1, m
2
φ = g1v
2
1 , m
2
ψ =
1
2
(
g3v
2
1 − g2v22
)
(16)
3.1 The extended U(1)A × U(1)W model
We intend to modify the above model by adding higher derivative terms of the
elds φ and ψ and nd out whether suh hanges an stabilize the ring. By fol-
lowing Derrik's saling argument [21℄, one an argue that terms suh as |Dµψ|4
or |D˜µφ|4 or |D˜µφ|2|Dµψ|2 ould be helpful. Also, in an investigation of a similar
model [20℄, the onlusions lead to the same path, in order to searh for possi-
bilities of stabilizing suh solitons against radial shrinking. Thus, we have the
following Lagrangian density:
L = L0 + cφ|D˜µφ|4 + cψ|Dµψ|4 + cφψ|D˜µφ|2|Dµψ|2 (17)
where cφ, cψ, cφψ onstants.
Congurations with torus-like shape, representing a piee of a U(1)W → 1
Nielsen-Olesen string, losed to form a loop, are of interest in this searh. Thus,
we will require φ to vanish on a irle of radius a (the torus radius) φ(ρ = a, z =
11
0) = 0. At innity (ρ → ∞, z → ∞), we have the vauum of the theory. This
translates to |φ| → v1, |ψ| → 0. The ansatz for the elds is:
φ(ρ, ϕ, z) = F (ρ, z)eiMΘ(ρ,z)
ψ(ρ, ϕ, z) = P (ρ, z)eiNϕ
A(ρ, ϕ, z) =
Aϕ(ρ, z)
ρ
ϕˆ
W(ρ, ϕ, z) = Wρ(ρ, z) ρˆ+Wz(ρ, z) zˆ
where M , N are the winding numbers of the relevant elds, ρˆ, ϕˆ, zˆ are the
ylindrial unit vetors and the phase
Θ(ρ, z) ≡ arctan
( z
ρ− a
)
(18)
We use ylindrial oordinates (t, ρ, ϕ, z), with spae-time metri that has the
form gµν=diag(1,−1,−ρ2,−1). We work in the A0 = 0 = W 0 gauge. We follow
the ansatz of [18℄. A more general hoie for φ would be
φ(ρ, ϕ, z) = F (ρ, z)eiMΘ(ρ,z)+iχ(ρ,z)
where χ(ρ, z), an arbitrary funtion. But gauge invariane allows us to hange
φ → φeib(x), where b(x) an arbitrary spae-dependent phase. We an hoose
b(x) = −χ(ρ, z) thus, gauge xing removes the arbitrary funtion χ.
With the above ansatz, the energy funtional takes the form:
E = 2πv1
∫ ∞
0
ρdρ
∫ ∞
−∞
dz
[
1
2ρ2
(
(∂ρAϕ)
2 + (∂zAϕ)
2
)
+
1
2
(∂ρWz − ∂zWρ)2 +
+ (∂ρP )
2 + (∂zP )
2 + (∂ρF )
2 + (∂zF )
2 +
P 2
ρ2
(eAϕ +N)
2 +
+
(
(qWρ +M∂ρΘ)
2 + (qWz +M∂zΘ)
2
)
F 2 +
+ cφ
{
(∂ρF )
2 + (∂zF )
2 +
(
(qWρ +M∂ρΘ)
2 + (qWz +M∂zΘ)
2
)
F 2
}2
+
+ cψ
{
(∂ρP )
2 + (∂zP )
2 +
P 2
ρ2
(eAϕ +N)
2
}2
+
+ cφψ
{(
(∂ρF )
2 + (∂zF )
2 +
(
(qWρ +M∂ρΘ)
2 + (qWz +M∂zΘ)
2
)
F 2
)
·
(
(∂ρP )
2 + (∂zP )
2 +
P 2
ρ2
(eAϕ +N)
2
)}
+ U(F, P )
]
(19)
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with
U(F, P ) =
g1
4
(
F 2 − 1)2 + g2
4
(
P 2 − u2)2 + g3
2
F 2P 2 − g2
4
u4 (20)
where u ≡ v2/v1. This is the energy funtional we use for our omputations. The
onditions to be satised by the parameters beome:
g1 > g2u
4 , g3 > g2u
2
(21)
The magneti elds are
∇×A = BA = 1
ρ
(
∂Aϕ
∂ρ
zˆ − ∂Aϕ
∂z
ρˆ
)
∇×W = BW = −
(
∂Wz
∂ρ
− ∂Wρ
∂z
)
ϕˆ
while the urrents assoiated with φ eld, namely jφρ and j
φ
z and the total urrent
Iφ out of these as well as the superurrent Iψ assoiated with the ψ eld are
Iφ =
√
(jφρ )2 + (j
φ
z )2 , Iψ = −2eP
2
ρ
(eAϕ +N) (22)
where
jφρ = −2qF 2(qWρ +M∂ρΘ), jφz = −2qF 2(qWz +M∂zΘ) (23)
Finally, in order to hek our numerial results, we an derive virial relations.
Below, we present the virial relations we use in our searh. Consider the resalings
ρ → ρ, z → κz, Fκ → F , Pκ → P , Aϕκ → Aϕ, Wρ,zκ → κWρ,z. By demanding
13
∂E
∂κ
= 0 when κ = 1 and if we dene
I1 = 2πv1
∫ ∞
0
ρdρ
∫ ∞
−∞
dz
[
1
2
(∂ρWz − ∂zWρ)2 + 1
2ρ2
(∂zAϕ)
2 + (∂zP )
2 + (∂zF )
2 +
+ 2F 2
(
qWρ(qWρ +M∂ρΘ) + (qWz +M∂zΘ)
2
)
+
+ cφ
{
4F 2(∂zF )
2
(
(qWρ +M∂ρΘ)
2 + (qWz +M∂zΘ)
2
)
+
+ 3(∂zF )
4 + 2(∂ρF )
2(∂zF )
2 +
(
4F 4
(
(qWρ +M∂ρΘ)
2 + (qWz +M∂zΘ)
2
)
·
(
qWρ(qWρ +M∂ρΘ) + (qWz +M∂zΘ)
2
))
+
+ 4F 2
(
(∂ρF )
2 + (∂zF )
2
)(
qWρ(qWρ +M∂ρΘ) + (qWz +M∂zΘ)
2
)}
+
+ cψ
{
3(∂zP )
4 + 2(∂ρP )
2(∂zP )
2 +
2P 2
ρ2
(∂zP )
2(eAϕ +N)
2
}
+
+ cφψ
{
(∂zP )
2(∂ρF )
2 + (∂ρP )
2(∂zF )
2 + 3(∂zP )
2(∂zF )
2 +
P 2
ρ2
(eAϕ +N)
2(∂zF )
2 +
+
(
2P 2F 2
ρ2
(eAϕ +N)
2 + 2F 2
(
(∂ρP )
2 + (∂zP )
2
))
·
(
qWρ(qWρ +M∂ρΘ) + (qWz +M∂zΘ)
2
)
+
+ (∂zP )
2F 2
(
(qWρ +M∂ρΘ)
2 + (qWz +M∂zΘ)
2
)}]
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I2 = −2πv1
∫ ∞
0
ρdρ
∫ ∞
−∞
dz
[
1
2ρ2
(∂ρAϕ)
2 + (∂ρF )
2 + (∂ρP )
2 +
P 2
ρ2
(eAϕ +N)
2 +
+ (∂zWρ)(∂ρWz − ∂zWρ) + F 2
(
(qWρ +M∂ρΘ)
2 + (qWz +M∂zΘ)
2
)
+
+ cφ
{
(∂ρF )
4 + F 4
(
(qWρ +M∂ρΘ)
2 + (qWz +M∂zΘ)
2
)2
+
+ 2F 2
(
(∂ρF )
2 + (∂zF )
2
)(
(qWρ +M∂ρΘ)
2 + (qWz +M∂zΘ)
2
)}
+
+ cψ
{
(∂ρP )
4 +
P 4
ρ4
(eAϕ +N)
4 +
2P 2
ρ2
(∂ρP )
2(eAϕ +N)
2
}
+
+ cφψ
{
(∂ρP )
2(∂ρF )
2 +
P 2
ρ2
(eAϕ +N)
2(∂ρF )
2 +
+
(
P 2F 2
ρ2
(eAϕ +N)
2 + F 2(∂ρP )
2
)(
(qWρ +M∂ρΘ)
2 + (qWz +M∂zΘ)
2
)}
+
+
g1
4
(F 2 − 1)2 + g2
4
(P 2 − u2)2 + g3
2
F 2P 2 − g2
4
u4
]
we must have I1 + I2 = 0. We dene the index V =
||I1|−|I2||
|I1|+|I2| and we want its
value to be as small as possible. We an produe many other virial relations by
assuming generally for a eld φ, the double resaling φ(~x)→ κφ(µ~x) and then
demand
∂E
∂κ
|κ=1=µ = 0 = ∂E∂µ |κ=1=µ. For example, we hek our results through
the following relations as well. Consider the following resalings ρ→ ρ, z → µz,
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Fκ → F , Pκ → κP , Aϕκ → Aϕ, Wρ,zκ → Wρ,z. We dene
I3 = 2πv1
∫ ∞
0
ρdρ
∫ ∞
−∞
dz
[
1
2ρ2
(∂zAϕ)
2 + (∂zP )
2 + (∂zF )
2 +
1
2
(∂ρWz − ∂zWρ)2
+ 2F 2
(
M∂zΘ(qWz +M∂zΘ)
)
+ cφ
{
3(∂zF )
4 + 2(∂ρF )
2(∂zF )
2 +
+ 4F 4
(
(qWρ +M∂ρΘ)
2 + (qWz +M∂zΘ)
2
)(
M∂zΘ(qWz +M∂zΘ)
)
+
+ 4F 2(∂zF )
2
(
(qWρ +M∂ρΘ)
2 + (qWz +M∂zΘ)
2
)
+
+ 4F 2
(
(∂ρF )
2 + (∂zF )
2
)(
M∂zΘ(qWz +M∂zΘ)
)}
+
+ cψ
{
3(∂zP )
4 + 2(∂ρP )
2(∂zP )
2 +
2P 2
ρ2
(∂zP )
2(eAϕ +N)
2
}
+
+ cφψ
{
(∂ρP )
2(∂zF )
2 + (∂zP )
2(∂ρF )
2 + 3(∂zP )
2(∂zF )
2 +
P 2
ρ2
(eAϕ +N)
2(∂zF )
2 +
+ 2F 2
(
(∂ρP )
2 + (∂zP )
2 +
P 2
ρ2
(eAϕ +N)
2
)
(M∂zΘ(qWz +M∂zΘ)) +
+ (∂zP )
2F 2
(
(qWρ +M∂ρΘ)
2 + (qWz +M∂zΘ)
2
)}]
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I4 = −2πv1
∫ ∞
0
ρdρ
∫ ∞
−∞
dz
[
1
2ρ2
(∂ρAϕ)
2 + (∂ρP )
2 + (∂ρF )
2 +
P 2
ρ2
(eAϕ +N)
2 +
+ ∂ρWz(∂ρWz − ∂zWρ) + F 2
(
(qWρ +M∂ρΘ)
2 + (qWz +M∂zΘ)
2
)
+
+ cφ
{
(∂ρF )
4 + F 4
(
(qWρ +M∂ρΘ)
2 + (qWz +M∂zΘ)
2
)2
+
+ 2F 2
(
(∂ρF )
2 + (∂zF )
2
)(
(qWρ +M∂ρΘ)
2 + (qWz +M∂zΘ)
2
)}
+
+ cψ
{
(∂ρP )
4 +
P 4
ρ4
(eAϕ +N)
4 +
2P 2
ρ2
(∂zP )
2(eAϕ +N)
2
}
+
+ cφψ
{
(∂ρP )
2(∂ρF )
2 +
P 2
ρ2
(eAϕ +N)
2(∂ρF )
2 +
(
P 2F 2
ρ2
(eAϕ +N)
2 + (∂ρP )
2F 2
)
·
(
(qWρ +M∂ρΘ)
2 + (qWz +M∂zΘ)
2
)}
+
+
g1
4
(F 2 − 1)2 + g2
4
(P 2 − u2)2 + g3
2
F 2P 2 − g2
4
u4
]
together with
I5 = 4πv1
∫ ∞
0
ρdρ
∫ ∞
−∞
dz
[
(∂ρP )
2 + (∂zP )
2 +
P 2
ρ2
(eAϕ +N)
2 +
+ cψ
{
2(∂ρP )
4 + 2(∂zP )
4 +
2P 4
ρ4
(eAϕ +N)
4 + 4(∂ρP )
2(∂zP )
2 +
+
4P 2
ρ2
(
(∂ρP )
2 + (∂zP )
2
)
(eAϕ +N)
2
}
+
+ cφψ
{
(∂ρP )
2(∂ρF )
2 + (∂ρP )
2(∂zF )
2 + (∂zP )
2(∂ρF )
2 + (∂zP )
2(∂zF )
2 +
+ F 2
(
(∂ρP )
2 + (∂zP )
2 +
P 2
ρ2
(eAϕ +N)
2
)(
(qWρ +M∂ρΘ)
2 + (qWz +M∂zΘ)
2
)
+
+
P 2
ρ2
(eAϕ +N)
2
(
(∂ρP )
2 + (∂zP )
2
)}]
I6 = 2πv1
∫ ∞
0
ρdρ
∫ ∞
−∞
dz
[
g2
(
P 2 − u2
)
P 2 + g3F
2P 2
]
17
where, as above, we must have I3 + I4 = 0 = I5 + I6.
In the energy funtional (19), the terms that ome from the |D˜iφ|4 extra term,
are multiplied with cφ. In fat, these terms are proportional to ∂ρF and ∂zF .
Thus, if one hooses (cφ, cψ, cφψ) = (1, 0, 0), then there are more F -derivative
terms in the funtional. Energy minimization lowers these terms, something
whih one expets to lead to a thiker string. This is a wanted feature in order to
stabilize the ring. This would have another onsequene. The extra F -terms,
enfore the F eld to stay away from its vauum expetation value within a larger
area. This means that F ≈ 0 inside a larger area. There, the potential beomes
U(0, P ) =
g1
4
− g2u
4
4
+
g2
4
(
P 2 − u2
)2
(24)
and its value inreases beause of the term g1(F
2 − 1)2/4, as F → 0. Minimiza-
tion tends to make P → u, whih tries to ompensate for that inrease. The
latter means that P will inrease and this is another wanted feature sine the
superurrent Iψ ∝ P 2.
On the other hand, in (19), the terms that ome from the |Diψ|4 extra term,
are multiplied with cψ. In fat, these terms are proportional to ∂ρP and ∂zP .
Thus, if one hooses (cφ, cψ, cφψ) = (0, 1, 0), then the derivative terms of P
beome more. The minimization of them is expeted to derease the harge
ondensate P . This derease is an unwanted feature.
Finally, the terms that ome from the |D˜iφ|2|Diψ|2 term, are multiplied with
cφψ. The onsequenes of the addition of this term an be seen if we observe that
the extra terms are of the form
(∂P )2
[
(∂ρF )
2 + (∂zF )
2 + · · ·
]
(25)
where the dots represent the rest of the terms whih are positive as well. We
expet a stronger derease of the harge ondensate P . This is beause ∂P < 1
whih means that (∂P )2 > (∂P )4. Thus, the need for minimizing the derivative
terms of P beomes stronger than in the ase of (cφ, cψ, cφψ) = (0, 1, 0). Apart
from this, it is also the fat that, sine ∂F ∼ 1, the weight of the P -derivative
terms is now greater than unity and this is another fator whih would tend to
make P → 0 or, at least, smaller than in the ase (cφ, cψ, cφψ) = (0, 1, 0).
Theoretially, the fat that the terms |Diψ|4 and |D˜iφ|2|Diψ|2 tend to shrink
the harge ondensate P , an also be seen from the virial relation I5 + I6 = 0
above. The integral I6 is negative (beause P < u) and the addition of extra
terms leaves it unhanged. On the other hand, I5 is a sum of positive terms and
the above two extra derivative terms rise the value of I5. Thus, the only way to
satisfy that virial relation is either to inrease g2 and/or to derease P . If I5 is big
enough, then P will be enfored to beome zero in order to satisfy the I5+ I6 = 0
relation.
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Figure 8: A typial plot of the initial guess we use, for the lowest winding state
M = 1, N = 1 on the z = 0 plane.
3.2 The extended U(1)A × U(1)W model: Numerial results
We use the same minimization algorithm, as in [18℄, to minimize the energy
funtional (19). A 90×20 grid for every of the ve funtions is used, that is, 90
points on ρ-axis and 20 on z. We begin with xed torus radius a. Then, the
onguration with minimum energy for this a, is found. Other values of a are
hosen as well and the same proess goes on until we plot the energy vs. the
torus radius E(a). It would be very interesting to nd a non-trivial minimum of
the energy (on amin 6= 0), whih would orrespond to stable toroidal defets with
radius amin. One ruial hek of our results is done through virial relations.
The initial guess (g.8) we use for our omputation is:
F (ρ, z) = tanh((ρ− a)2 + z2)M/2
P (ρ, z) = tanh(ρN)(1− tanh((ρ− a)2 + z2)
Aϕ(ρ, z) = −N
e
tanh
(
ρ2
((ρ− a)2 + z2)2
)
Wρ(ρ, z) =
Mz cos2Θ
q(ρ− a)2
(
(ρ− a)2 + z2
(ρ− a)2 + z2 + (a2/4)
)2
Wz(ρ, z) = −M cos
2Θ
q(ρ− a)
(
(ρ− a)2 + z2
(ρ− a)2 + z2 + (a2/4)
)
This initial guess also satises the appropriate asymptotis
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Figure 9: A typial graph whih exhibits the eets of the higher derivative terms on
the salar elds. The plot is for the z = 0 plane. Solid line is for (cφ, cψ, cφψ)=(0, 0, 0),
dotted line for (cφ, cψ, cφψ)=(0, 1, 0), dashed for (cφ, cψ, cφψ)=(1, 0, 0) while dashed and
dotted for (cφ, cψ , cφψ)=(1, 1, 0). In the ase (cφ, cψ , cφψ)=(0, 0, 1), P is trivial. Param-
eters in this gure are (g1, g2, g3, e, q, u, v1,M,N)=(14, 12, 14, 6, 2, 1, 7.5 · 10−3, 1, 1).
• near ρ = 0:
F 6= 0, P ∼ ρN , Aϕ ∼ ρ2f(z) (26)
• near (ρ = a, z = 0):
F ∼ ρ˜M/2, Wρ = 0 =Wz (27)
• at innity:
F ∼ 1−O(e−
√
ρ˜), P ∼ O(e−
√
ρ2+z2)
Wρ ∼ −M
q
∂ρΘ|∞ +O(e−
√
ρ˜), Wz ∼ −M
q
∂zΘ|∞ +O(e−
√
ρ˜) (28)
where ρ˜ ≡ (ρ− a)2 + z2.
Based on [18℄, we searh in parameter areas where e aquires relatively large
values, but they are interesting as it onerns the possible stability of the loop.
The reason was analyzed in that paper and stems from the need to have string
thikness greater than the penetration depth as well as strong superurrent.
The results onrm our expetations stated previously. For example, in g.9,
one an observe that when the extra term is |Diψ|4, then the harge ondensate
P dereases (dotted line in g.9). In this ase, the onsequene is the redution of
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Figure 10: The eet of the higher derivative terms on the energy and the superurrent
when these are plotted vs the radius of the torus. Solid line is for (cφ, cψ, cφψ)=(0, 0, 0),
dotted line for (cφ, cψ , cφψ)=(0, 1, 0), dashed for (cφ, cψ, cφψ)=(1, 0, 0) while dashed
and dotted for (cφ, cψ , cφψ)=(1, 1, 0). For (cφ, cψ , cφψ)=(0, 0, 1), the superurrent
as well as the harge ondensate, are trivial. Parameters in this gure are
(g1, g2, g3, e, q, u, v1,M,N)=(14, 12.5, 14, 10, 2, 1, 7.5 · 10−3, 1, 1).
the superurrent (dotted line in g.10) when ompared to the ase of the original
model without extra terms ((cφ, cψ, cφψ) = (0, 0, 0), see solid line in g.10). On
the other hand, when the extra term is |D˜iφ|4, then F widens and this leads to
the broadening of P as well. The latter inreases (ompare dashed and solid lines
in g.9) and the superurrent inreases too (dashed line in g.10). Finally, when
the extra term is |D˜iφ|2|Diψ|2, then P = 0 for the values of g2 we use. In general,
the harge ondensate an be non-trivial for higher g2. This happens due to the
term g2(P
2 − u2)2/4 of the potential. When g2 grows, P tends to reah u. This
is also numerially observed.
One an ombine two extra terms to see what happens. In example, we add
both |D˜iφ|4 and |Diψ|4, (ase (cφ, cψ, cφψ)=(1, 1, 0) in g.9). This results to the
addition of the favorable F -derivative terms, but also P -derivative terms would
be present. This translates to the growth of P but not as muh as in the ase
(cφ, cψ, cφψ)=(1, 0, 0). We also observed that the ombination of either |D˜iφ|4 or
|Diψ|4 or even both, with the |D˜iφ|2|Diψ|2 term, leads to shrinking of P beause
of the strong ation of the last term. After the theoretial and numerial analysis,
we onlude that the most interesting extra term is |D˜iφ|4.
It is lear that urrent quenhing is present here as well (g.10). The extra
term |D˜iφ|4, an inrease the superurrent and an make the penetration of the
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magneti eld more diult, as the string inreases its diameter, but this inrease
is not enough in order for the ring to stabilize. For the shake of researh, we also
tried higher values of cφ in order to make the favorable term more signiant. We
also tried higher values of e, but the ring ould not be stabilized in a non-trivial
radius.
3.3 Disussion
The most ruial terms of the energy funtional whih ould provide for the
stability of the ring in a non-zero radius a, are:
A =
∫ ∞
0
ρdρ
∫ ∞
−∞
dz
B2A
2
=
∫ ∞
0
ρdρ
∫ ∞
−∞
dz
1
2ρ2
(
(∂ρAϕ)
2 + (∂zAϕ)
2
)
B =
∫ ∞
0
ρdρ
∫ ∞
−∞
dz
P 2
ρ2
(eAϕ +N)
2
These two terms have an expliit total 1/ρ behavior whih helps them to inrease
as the torus radius dereases. The problem is that they are not inreasing at a
satisfatory rate in order to overome all the rest terms of the energy whih are
dereasing with ρ. This is also numerially observed. Under some radius a, the
ideal would be to have a strongly inreasing harge ondensate P . Then, as the
radius dereases and at the same time P inreases, the above two terms would
start to inrease with suient rate in order to lift the energy of the system. The
magneti term would inrease beause as P 2/ρ2 inreases, |Aϕ| → |Aϕmax| →
N/e. The latter would make the derivatives of Aϕ (and BA as well) to inrease
as ρ dereases.
This is what we tried to do here, espeially with the help of the |D˜iφ|4 extra
term. The harge ondensate beame more robust but that was not enough. This
supports the onlusion of [18℄ whih states that very high values of superurrent
are needed for stabilization. It seems that suh highly inreasing urrents an
not be produed, despite the help of extra terms. In fat, numerial details reveal
that the rate of inrease of the terms A,B above, is ∆(A+B) ∼ 10−3, while the
rate of derease of all the rest terms is ∆(E − (A + B)) ∼ 3 · 10−2. This means
that the rate of inrease of A,B should be ∼ 30 times bigger. That ase would
require P ≥ u whih is something that an not satisfy I5 + I6 = 0 virial relation.
But even if that was possible, urrent quenhing would be another obstale.
4 Conlusions
We studied a U(1)A model with a GL potential with a ubi term added to it.
After the numerial analysis we did, we ame to the onlusion that for β ≤ βcrit
we nd no non-trivial solution. For 2.13 ≤ β ≤ 2.20 we get non-trivial solutions
22
whih have the proles we present in gs.3-4. Over β = 2.20 we have no non-
trivial solutions. We analyse and explain our results in these ases.
The form of the potential we have in this searh, an be found in ondensed
matter physis as well. On the other hand, one ould try to make a loop out of
the straight string studied above. We did this, but it was diult to study mainly
due to the fat that there are two instability modes, one having to do with the
defet itself and another whih has to do with the loop that tends to shrink due
to its tension. The former instability is exluded in [18℄ for topologial reasons.
Thus, we are based on the model of [18℄ and analyze an extended version of
it, by adding higher derivative terms in order to hek whether they an stabilize
the superonduting ring or not. Although the |D˜iφ|4 term is helpful on that
diretion, it turns out to be insuient and urrent quenhing prevails. Finally,
we disuss what one would need for a stable ring. This disussion in ombination
with the results of [18℄, seems to exlude the possibility of existene of suh vortex
rings in this model.
5 Aknowledgments
The author is very thankful to Professor T.N.Tomaras for fruitful onversations
and useful advie. The projet is o-funded by the European Soial Fund and
National resoures under the program ΠΥΘAΓOPAΣ I.
Referenes
[1℄ T.W.B.Kibble, J.Phys. A9 (1976) 1387; T.W.B.Kibble, Phys.Rev. 67
(1980) 183; T.W.B.Kibble, M.Hindmarsh, Rep.Prog.Phys. 58 (1995) 477.
[2℄ A.D.Linde, Rep.Prog.Phys. 42 (1979) 294.
[3℄ W.H.Zurek, Phys.Rep. 276 (1996) 177.
[4℄ N.S.Ginsberg, J.Brand, L.V.Hau, Phys.Rev.Lett. 94 (2005) 040403 and ref-
erenes therein.
[5℄ Topologial Defets and the Non-Equilibrium Dynamins of Symmetry
Breaking Phase Transitions, Y.M.Bunkov, H.Godfrin, (NATO Siene
Serious-Vol. 549, 1999).
[6℄ I.Chuang, N.Turok, B.Yurke, Phys.Rev.Lett. 66 (1991) 2472.
[7℄ S.Digal, R.Ray and A.M.Srivastava, Phys.Rev.Lett. 83 (1999) 5030.
[8℄ C.Bahas and T.N.Tomaras, Nul. Phys. B428 (1994) 209; onferene pro-
eedings, hep-ph/9501264; Phys.Rev. D51, 5356 (1995); Phys.Rev.Lett.
23
76, 356 (1996); C.Bahas, B.Rai and T.N.Tomaras, Phys.Rev.Lett. 82,
2443 (1999); T.N.Tomaras in onferene proeedings, hep-ph/9612341;
hep-ph/9707236; hep-th/9509063; Y.Brihaye and T.N.Tomaras, Nonlinear-
ity 12 (1999) 867.
[9℄ L.Perivolaropoulos and T.N.Tomaras, Phys.Rev. D62 025012, 2000;
hep-ph/9911227.
[10℄ C.Bahas, P.Tinyakov and T.N.Tomaras, Phys.Lett. B385 (1996) 237.
[11℄ Y.Lemperiere and E.P.S.Shellard, Nul.Phys. B649 (2003) 511.
[12℄ M.S.Volkov, Phys.Lett. B644, (2007), 203.
[13℄ A.Ahuarro, T.Vahaspati, Phys.Rept. 327, (2000), 347.
[14℄ B.Kleihaus, J.Kunz, Ya.Shnir, Phys.Rev. D68, (2003), 101701.
[15℄ P.Forgas, S.Reuiller, M.S.Volkov, Phys.Rev.Lett. 96, (2006), 041601;
P.Forgas, S.Reuiller, M.S.Volkov, Nul.Phys. B751, (2006), 390.
[16℄ M.Hindmarsh, A.Davis, R.Brandenberger, Phys.Rev. D49 (1994) 1944.
[17℄ J.Paramos, O.Bertolami, T.A.Girard and P.Valko, Phys.Rev. B67 (2003)
134511 and referenes therein.
[18℄ C.G.Doudoulakis, Physia D 228 (2007) 159.
[19℄ E.Witten, Nul.Phys. B249 (1985) 557.
[20℄ J.Ja¨ykka¨ and J.Hietarinta, ond-mat/0608424.
[21℄ G.H. Derrik, J.Math.Phys. 5 (1964) 1252.
[22℄ W.H.Press, B.P.Flannery, S.A.Teukolsky, W.T.Vetterling, Numerial
Reipes, p.425. Cambridge University Press 1986.
[23℄ A.Vilenkin, E.P.S.Shellard, Cosmi Strings and other topologial defets,
Cambridge University Press 1994.
24
